Abstract. As an analogue of Mahler's classification for real numbers, Bundschuh introduced a classification for Laurent series over a finite field, divided into A, S, T, U -numbers. It is known that each of A, S, U -numbers is nonempty. On the other hand, the existence of T -numbers is open. In this paper, we give an affirmative answer to the problem.
Introduction
From the viewpoint of Diophantine approximation, Mahler [11] introduced a classification for real numbers, divided into A, S, T , U-numbers. A real number is algebraic over Q if and only if it is an A-number. Two algebraically dependent transcendental real numbers are in the same class. Almost all real numbers are S-numbers in the sense of Lebesgue measure. For example, e is S-number [19] . Liouville numbers are U-numbers, for example, the real number
In this paper, we solve the open problem. Theorem 1.1. There exist uncountably many T -numbers in F q ((T −1 )).
We emphasize that our method allows us to construct explicit examples of T -numbers in F q ((T −1 )). For example, we define a sequence (a n ) n≥0 over F 2 by a n = 1 (if n = 2 4 k ℓ for some integer k ≥ 0 and odd integer ℓ ≥ 1), 0 (otherwise).
Then the Laurent series ∞ n=0 a n T −n ∈ F 2 ((T −1 )) is T -number. In the field of Laurent series over a finite field, Mahler [14] proved that an analogue of Roth theorem does not hold and constructed a family of explicit counterexamples. Therefore, we prove Theorem 1.1 in a different way to Schmidt's proof. Our strategy for proving Theorem 1.1 is that we construct a Laurent series with Mahler's counterexamples and show that the Laurent series is T -number by using a Liouville inequality.
This paper is organized as follows. In Section 2, we recall the precise definition of Mahler's classification in F q ((T −1 )) and another classification which is called Koksma's classification. We also state the main results in this paper. In Section 3, we prepare some lemmas for the proof of the main result. In Section 4, we prove the main results and Theorem 1.1. In Appendix A, we prove basic properties of Mahler's classification stated in Section 1 and 2.
Notation and Main result
For a Laurent series ξ ∈ F q ((T −1 )) \ {0}, we can write ξ = ∞ n=N a n T −n , where N ∈ Z, a n ∈ F q for all integers n ≥ N, and a N = 0. We define an absolute value on F q ((T −1 )) by |0| := 0 and |ξ| := q −N . The absolute value can be uniquely extended on the algebraic closure of F q ((T −1 )). We continue to write | · | for the extended absolute value. We denote by (F q [T ])[X] the set of all polynomials in X over F q [T ] . The height of a polynomial
, denoted by H(P ), is defined to be the maximum of the absolute values of the coefficients of P (X). We denote by (F q [T ])[X] min the set of all non-constant, irreducible, and primitive polynomials in (F q [T ])[X] whose leading coefficients are monic polynomials in T . For an algebraic number α ∈ F q (T ), there exists a unique polynomial
[X] min such that P (α) = 0. We call the polynomial P (X) the minimal polynomial of α. The height (resp. the degree) of α, denoted by H(α) (resp. deg α), is defined to be the height of P (X) (resp. the degree of P (X)).
Let n ≥ 1 be an integer and ξ be in F q ((T −1 )). We denote by w n (ξ) (resp. w * n (ξ)) the supremum of the real numbers w (resp. w * ) which satisfy
[X] of degree at most n (resp. α ∈ F q (T ) of degree at most n). We put
We say that a Laurent series ξ ∈ F q ((
T -number if w(ξ) = +∞ and w n (ξ) < +∞ for all integers n ≥ 1;
U-number if w(ξ) = +∞ and w n (ξ) = +∞ for some integer n ≥ 1.
This classification is called Mahler's classification. Replacing w n and w with w * n and w * , we define A * , S * , T * , and U * -numbers as the above. This classification was first introduced by Bugeaud [4, Section 9] and is called Koksma's classification. ξ is an A-number if and only if it is an A * -number (see Proposition A.3). The following two statements are in [16, p.145] . If ξ is an S-number, then it is an S * -number. ξ is a U-number if and only if it is a U * -number. Therefore, we deduce that if ξ is a T * -number, then it is a T -number. Let ξ ∈ F q ((T −1 )) be a T -number. The type of ξ, denoted by t(ξ), is defined to be
Note that we see t(ξ) ∈ [1, +∞] by Lemma A.1. Replacing w n with w * n , for T * -number ξ ∈ F q ((T −1 )), we define the * -type of ξ, denoted by t * (ξ) as the above. Note that we also see t * (ξ) ∈ [1, +∞] by Lemma A.1. Let r be a power of p. We put α := ∞ n=1 T −r n . Mahler [14] showed that α is the algebraic Laurent series of degree r, and satisfies w 1 (α) = r − 1 and
Note that, in the case of r > 2, the algebraic Laurent series α is the first counterexample of the Roth theorem in F q ((T −1 )), that is, α does not satisfy w 1 (α) = 1. Let m = (m j ) j≥0 be an integer sequence with m 0 = 1, m j ≥ 2 for all integers j ≥ 1. For an integer j ≥ 0, we put r j := r m 0 m 1 ···m j and α j (r, m) :
Note that since lim j→∞ |α j (r, m)| = 0, the Laurent series ξ(r, m) converges.
Example. Let p = r = 2 and m j = 2 for all j ≥ 1. We write ξ(r, m) = ∞ n=0 a n T −n . Then we have a n = 1 (if n = 2 4 k ℓ for some integer k ≥ 0 and odd integer ℓ ≥ 1), 0 (otherwise).
Our main result of this paper is the following theorem.
Theorem 2.1. The Laurent series ξ(r, m) are T -numbers and T * -numbers.
We estimate type and * -type of the Laurent series ξ(r, m).
Theorem 2.2. The Laurent series ξ(r, m) satisfies
lim sup
Furthermore, if m j ≥ 3 for all sufficiently large j ≥ 1, then we have
In the last of this section, we mention a problem concerning Theorem 2.2. Problem 2.3. For any t ∈ [1, ∞], does there exist a T -number ξ (resp. T * -number η) such that t(ξ) = t (resp. t * (η) = t)?
If lim sup j→∞ m j = ∞, then we have t(ξ(r, m)) = t * (ξ(r, m)) = ∞ by Theorem 2.2. Therefore, Theorem 2.2 gives a partial answer to Problem 2.3 in the case of t = ∞.
Preliminaries
Proof. See Proposition 5.6 in [16] . ✷
The following lemma is easy consequence of Lemma 3.1.
Lemma 3.2. For a T -number and T
The following lemma is well-known and immediately seen.
We recall a Liouville inequality which is Korollar 3 in [15] or Proposition 3.4 in [16] .
Lemma 3.4. Let α, β ∈ F q (T ) be distinct algebraic numbers of degree m and n, respectively. Then we have
As an application of the Liouville inequality, we show the following lemma. Lemma 3.5 means that if ξ ∈ F q ((T −1 )) has a dense (in a suitable sense) sequence of upper bound of height of very good algebraic approximations of degree at most d, then we estimate the upper bound of w * d (ξ). Some results which are relate to the lemma are known (see e.g. [1, 2, 5, 8, 16, 17] ). Lemma 3.5. Let ξ be in F q ((T −1 )), d ≥ 1 be an integer, and θ, ρ, δ be positive numbers. Assume that there exists a sequence of distinct terms (α j ) j≥1 , and an increasing and divergent sequence of real numbers (β j ) j≥1 with α j ∈ F q (T ) of degree at most d and β j ≥ 1 for all integers j ≥ 1, such that
Then we have
Proof. Let ε be a positive number with ε(1 + d) < δ. Then, by the assumption, there exists an integer c 0 ≥ 1 such that
for all integers j ≥ c 0 . Since ε is arbitrary small, we obtain d + δ − 1 ≤ w * d (ξ). Let α ∈ F q (T ) be an algebraic number of degree at most d with sufficiently large height. We define an integer j 0 ≥ c 0 by
We first consider the case of α = α j 0 . Since
δ−ε(1+d) . We next consider the case of α = α j 0 . By the assumption, we have
Since ε is arbitrary small, we deduce that 
Proof of Main Results
Proof of Theorem 2.1. For simplicity of notation, we put ξ := ξ(r, m) and α j := α j (r, m).
For an integer j ≥ 0, we define sequences (a(j, n)) n≥1 and (b(j, n)) n≥1 in F q by
For convenience, we put M(i, j) := 1 for integers i > j ≥ 0. Then it is easy to check that
where ℓ ≥ 1 is an integer with M(j + 2, j + ℓ) | n and M(j + 2, j + ℓ + 1) ∤ n. For integers j ≥ 0 and k ≥ 1, we define algebraic Laurent series α(j, k) by
In what follows, we estimate upper bounds of degree and height of α(j, k). We observe that (7) α(j, k)
By the equation (1), for an integer 0 ≤ n ≤ j, we have
By the definition of the sequence (a(j, n)) n≥1 , we obtain
Therefore, by (7), α(j, k) is a root of the polynomial
Hence, it follows from Lemma 3.3 that deg α(j, k) ≤ r j and H(α(j, k)) ≤ q r k j+1 r j . For an integer j ≥ 0, we denote by K j the set of all integers k ≥ 1 with M(j + 2, j + p) | (k + 1) and M(j + 2, j + p + 1) ∤ (k + 1). Note that K j is the infinite set. We put K j =: {k 1 < k 2 < . . .}. We observe that for all integers i ≥ 1,
We show that for all integers i ≥ 1,
We observe that
By (6), we have b(j, k i + 1) = 0. Then we deduce that M(j + 2, j + 2) | (k i + 1), which implies M(j + 2, j + 2) ∤ (k i + 2). Therefore, we get b(j, k i + 2) = 1. Hence, we obtain (9). For integers j ≥ 0 and k ≥ 1, we put β(j, k) := q r k j+1 r j . Then, by (8) and (9), we have
for all integers i ≥ 1. It is trivial that r 
for all integers j ≥ 0. Hence, it follows that w * n (ξ) < +∞ for all integers n ≥ 1. We also have
Thus, the Laurent series ξ is T * -number. Therefore, by Section 2, we deduce that ξ is T -number. ✷ Proof of Theorem 2.2. Assume that notation of the proof of Theorem 2.1. By (10) and Lemma 3.2, we obtain
Since r j+1 /(r 2 j+1 − r 2 j ) ≤ 2, we deduce that for all integers j ≥ 1 and r j−1 + 1 ≤ n ≤ r j , log w * n (ξ) log n ≤ log w * r j (ξ) log r j−1 ≤ m j + 2m j m j+1 · · · m j+p + log 2 log r j−1 .
Therefore, we get (2). By (10) and Lemma 3.1, we obtain
for all integers j ≥ 0. Therefore, it follows that, for all integers j ≥ 1 and r j−1 +1 ≤ n ≤ r j , log w n (ξ) log n ≤ 2m j + 2m j m j+1 · · · m j+p + log 3 log r j−1 , which implies (3). Assume that m j ≥ 3 for all sufficiently large j ≥ 1. In the same way to the proof of (9), it follows that for all integers j ≥ 0 and k ≥ 1, r j , log β(j, k + 1) log β(j, k) = r j+1 for all j ≥ 0 and k ≥ 1. By the assumption, we obtain r j+1 /r j > r j for all sufficiently large j ≥ 1. Applying Lemma 3.5, we have for all sufficiently large j ≥ 1. In the same way to the proof of (2) and (3), we derive (4) and (5) . ✷ Proof of Theorem 1.1. Let r be a power of p and m = (m j ) j≥0 be an integer sequence with m 0 = 1, m j ≥ 2 for all integers j ≥ 1. Let a = (a j ) j≥0 be an integer sequence with a j ∈ {0, 1} for all integers j ≥ 0. Assume that a j = 1 for infinitely many j ≥ 0. We put 
